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Pixel classification

Random variables:
» For any sample s € S, let X, be a random variable whose value is a vector
zs € RV, the attribute vector of s

» For any sample s € S, let Y be a random variable whose value is a binary
number ys € {0,1}, the label of s

» For any v € V, let ©, be a random variable whose value is a real number
0, € R, a parameter of the linear function we seek to learn

Probabilistic model:

P(X,Y,0) = [[(P(Ys | X,,0)P(X,)) [ ] PO (1)

seS veV
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Pixel classification

» Logistic distribution

1

T 142 Je(ws) (2)

Vse S: Py, |x,s,0(1)

st\xs,@(l)
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Pixel classification

» Normal distribution with o € R™:

pe, (0v)

(3)

YoeV: po, (6,) = ﬁe—eg/zﬂ
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Pixel classification

The learning problem consists in maximizing the probability
P(X,Y,©)
P(X,Y)
_ PY|X,0)P(X)P(©)
a P(X,Y)
x P(Y | X,0)P(0O)
= [[Pv. 1 x.0) [T P(0)

ses veV

PO|X,Y) =

The inference problem consists in maximizing the probability

P(Y | X,0) =[] P(Y: | X,,0)

sES
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Pixel classification

Lemma. Estimating maximally probable parameters 6, given attributes x and

labels y, i.e.,

argmax p(-—)|X,Y(07fE7y)

ocrm

is equivalent ot the optimization problem

0co

with L, R and X such that

Vr e R Vg e {0,1}:
Vo € ©:

seS

L(r,) = —gr +log (1 +2")

min  AR(9) + T;‘ Z L(fo(zs),ys)

R(9) = [|6]I3
__loge
A= 202

(4)

It is called the l2-regularized logistic regression problem with respect to z, y

and o.
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Pixel classification

Proof. Firstly,

argmax  pe|x,v(0,,y)
geR™

= argmax pr\x& (ys, Ts, 0 HPG)

oeR™ sesS veV
= argmax E log py, | x,,0(¥s, Ts, 0 +§ log pe, (
ge]R‘nl
seS veV

Secondly,
log py, |x,,0(Ys, s, 0)
Ys IngYS\XS,G(LxM 9) + (1 - yS) IngYs\Xs,6(07 Ts,y 9)

Py, x,,0(1,2s,0)
Py, x,,0(0,2s,0)

ys log + log py, | x,,0(0,zs,0)

Thus, with (2) and (4):

argmin Z (—ys<97$s> + log (1 + 2(0,:::5)))

gecR™ ses

log e

2 16113

(9)

(10)
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Pixel classification

Lemma 1. The objective function

p(0) = AR(6 ZL fo(zs),ys) (11)

ses

I

of the l2-regularized logistic regression problem is convex.

The problem can be solved, e.g., by the steepest descent algorithm with a
tolerance parameter € € R

0:=0
repeat
d:= V()
7 = argmin, .z (0 —n'd)  (line search)
0:=60—nd
if ||d|| < e
return 6
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Pixel classification

Lemma: Estimating maximally probable labels 3, given attributes =’ and
parameters 0, i.e.,

argmax  py|x.e(y,z’,0) (12)
ye{0,1}5

is equivalent to the inference problem

min ZL(fe(xs),y;) . (13)

’ S
y'€{0,1}% 7%

It has the solution

1 if ! 0
Vse S @ ys= I fg(x?) ~ . (14)
0 otherwise
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Proof. Firstly,

!
argmax  py|x,e(y,r,0)
ye{0,1}5’

/
= argmax H pys|xs,®(y579€sa0)
’
ye{0,1}5" 45t

= argmax Z IngYS|XS,®(yS>‘T/579)
ye{0,1}5 g

1,2.,0
= argmax ) (y 1ongS'L(,’) +1OgPYS\X5,9(O>$/579))
yG{O,l}Sl s s pYS|XS,®(07xsve)

= argmin Z (7ysfg (x}) + log (1 4 ofe (IL)))

ye{0,1}5"  cg

= argmin ZL(f9($;)7ys) .

ye{o’l}sl seS’

Secondly,
min Z (—ysfg(x;) + log (1 + 2f9<””/5))) = max  ysfo(zh) .
ye{o,1}5’ acs ey ys€{0,1}
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