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Ordering

Definition 1. A strict order on a set A is a relation < C A x A such that:

Yae A: —a<a (1)
Vac AVbe A\{a}: a<bxor b<a (2
Vae AVbe A\ {a} Vee A\ {a,b}: a<b AN b<c = a<c (3)

Lemma 1. The strict orders on A are characterized by the bijections
a:{0,...,|A] -1} —» A.

Proof (sketch). For any such bijection, consider the relation <, such that

Va,be A: a<b & o '(a)<a l(b) . (4)

Notation: For any set A, let Sa :={ab€ A x A|a # b}.
Lemma 2. The strict orders on A are characterized by those y € {0,1}°4 that
satisfy the following conditions:
Vaec AVbe A\{a}: Yar+ypa=1 (5)
Vae€ AVbe A\{a} Ve e A\ {a,b}:  Yab + Yve — 1 < Yac (6)
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Ordering

Definition 2 (Grdtschel, 1984; see also Marti and Reinelt, 2011). An instance of
the minimum cost linear ordering problem is a pair (A, c) with A a finite set
and ¢ € R%4| lts feasible set is

Ya = {y € {0,1}%4 | (5) and (6)} . (M)
Its solutions are those y* € Y4 with
(¢,y") =min{(c,y) |y € Ya} . (8)

An instance of the linear ordering problem is a triple (A, ¢, k) with A a finite
set, c € R®4 and k € R. Its solution set is

LOP(A,c,k) ={y € Ya | (c,y) < k} . (9)
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Ordering: Hardness

Theorem 1. The linear ordering decision problem is NP-complete.

It is obviously in NP. A well-known proof of its NP-hardness is by reduction of
the feedback arc set problem:

Definition 3. For any digraph G = (V, E) and any F' C E, the set F is called a
feedback arc set of G iff the graph (V, E \ F)) is acyclic.

Definition 4. An instance of the feedback arc set problem is a triple (V, E, m)
such that G = (V, E) is a digraph and m € Ny. Its solution set is

FAS(V,E,m) = {F C E | F is a feedback arc set of (V, E) and |F| < m}
(10)

Theorem 2 (Karp 1972). The feedback arc set problem is NP-complete.
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Ordering: Hardness

Proof of Theorem 1 (sketch): Given an instance (V, E, m) of the feedback arc
set problem, consider the instance (V, ¢, k) of the linear ordering problem with
k:=m — |E| and ¢ € R¥ such that

-1 ifabe FE
Vab € Sy : IRE . 11
¢ v Cab {0 otherwise (11)
For any y € {0,1}°V:
E=(Eny (0)U(Eny (1) . (12)
(=) Let y € LOP(V, ¢, k) arbitrary. y~*(1) is acyclic. Therefore, y~*(1) N E is
acyclic. Thus, by (12), E\ (y~'(0) N E) is acyclic. Furthermore,

_ (12) _
[Eny™ 0)] = |E|— |[Eny™ (1) = |E| + (c,y) < |E| + (m — |E]) =m

Thus, (y~1(0) N E) € FAS(V, E, m).

(=) Let F € FAS(V, E, m) arbitrary. There exists a linear order and
corresponding y such that (E Ny~ (1)) = E\ F. Therefore,

(e,y) =—IEny ()| = —|E\ F| = ~|E| + |F| < —|E

+m=k . (13)

Thus, y € LOP(V, ¢, k). O
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Ordering: Partial optimality

Notation:
— For any 7 € R, let ¥ := max{0, +r}.
— For any instance (A, ¢) of the linear ordering problem and any ab € S, let
CaAb = Cgb — Cbaq-

Theorem 3. For any instance (A, ¢) of the linear ordering problem and any
ab € S4 such that

cat+ », (castem)t <0, (14)
deA\{a,b}

there exists an optimal solution y* to this instance such that y, = 1.
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Ordering: Partial optimality

We prove Theorem 3 by showing that, under the premise of the theorem, the
map defined below is improving for the instance (A, ¢) of the linear ordering
problem.

Definition 5. For any finite set A and any {a,b} € (‘3), define transposition
T{ap}: Ya — Ya such that for all y € Y4 and all a’b’ € Sa:

1—yurp if {a',b'} = {a,b}
Ya'a ift =bAad #a
H I /
Tiab} (Y)arsr = z::: :: Z, _ Zé\ll))’z(; (15)
Ya’b ifd =ana #b
Ya'b! If {(L, b} N {a', b,} =

Define conditional transposition T{layb}Z Y4 — Y4 such that for all y € Ya:

h(y) = {"”“ o =1 (16)

T{a,p}(y) Otherwise
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Ordering: Partial optimality

To begin with, we calculate the effect of transposition on the objective value:

Lemma 3. Let (A, c) be any instance of the linear ordering problem, let y € Yy,
let {a,b} € (), and let y' = 744} (y). Then:

(ey) = (ey) = can(1 = 2yap) + D (cou+ca) (Woa + Yaa — 1) . (17)
deA\{a,b}
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Ordering: Partial optimality
Proof.

<C7 y’) - <c7 y> = Z Ca’b' (y(/l/b, - ya’b’) = Z Ca’b' (y(/l,b, - ya’b’)
a’'b’€S 4 a'b’'eSy
{a’,b'}N{a,b}#£2

= Cab(Yab — Yab) + Cba(Yba — Yba)

+ Z Cab’ (yz/zb’ — Yav') + Z Ca’a(ytlz/a ~ Ya’a)

b EA\{a,b} ' €A\{a,b}
+ Z Covt (Yonr — Yorr ) + Z cars(Yars = Yarv)
b €A\ {a,b} a’€A\{a,b}

- Cab(l - 2yab) + Cba(l - Zyba)
+ Z Cad(Yvd — Yad) + Z Cda(Ydb — Yda)

deA\{a,b} deA\{a,b}
+ Z cvd(Yad — Yba) + Z cav(Yda — Ydb)
deA\{a,b} deA\{a,b}
= (Cab — Cba)(1 — 2yap) + Z (Yda + Yva — 1)(Cad — Cda — Cbd + Cap)
deA\{a,b}
=cab(1=2Yas) + Y (Yaa + yoa — 1)(cou + cap)
deA\{a,b}
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Ordering: Partial optimality

Next, we establish a basic property of linear orders:

Lemma 4. For any finite set A, any y € Y4 such that y,, = 1, and any
ce€ A\ {a,b}:

1 < Yac+ Yeb - (18)
Proof. For any c € A\ {a,b}, we have
Yoe + Yea — 1 < Yoa -
On the left-hand side,
Yoot Yea—1=1—=yer) + (1 —Yac) =1 =1—Yac — Yob -
On the right-hand-side,
Ya=1—yYab=1-1=0 .
Thus:

1§yac+ycb .
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Ordering: Partial optimality

Proof of Theorem 3. Let y be any solution to the instance of the linear ordering
problem, and let ¥ = 71, (v). If yap = 1 then ' = y. Thus, {c,y') = (c,y). If
Yab = 0 then

<Cv y,> - <C, y>

=5+ Z (Yda + Yba — 1)(cfd + chb) by Lemma 3
deA\{a,b}

cab + max Z (Yda + yoa — 1) (cau + cay)

TEY
Yap=0 dEA\{a,b}

5, 4+ max Z (Yda + yva — 1) (cau + )" by Lemma 4

TEY
Yap=0dEA\{a,b}

= cop + Z (o +ca)t as Yda +Yoa —1 <1
deA\{a,b}

I/\

IN

<0 by the premise .

Therefore, 7., is improving. Thus, 3/ is a solution to the instance (A4, ¢) of the
linear ordering problem. Moreover, y.;, = 1. O
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Preordering

Definition 6. A preorder on a set A is a relation < C A X A such that:

Vae A: aSa (19)
Vae AVbe A\{a} Vee A\ {a,b}: a<Sb AN bSc = aSc (20)

Example 1. On any set, the equivalence relations are the symmetric preorders,
and the partial orders are the anti-symmetric preorders.

Remark 1. The symmetric subset ~ of a preorder < is an equivalence relation.
The asymmetric subset < of a preorder < is a strict partial order. These
relations are said to be induced by <.

Lemma 5. The strict partial order < induced by a preorder S C A X A'is
well-defined also on A/~.
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Preordering
Proof. We need to show: a,a’,b, b’ € A:
a<bha~ad Ab~b = ad <b . (21)
Firstly,

a~a ANa<b
=d <arnasd
=d <b

Secondly,

d SHAb~Y
= d SOALSY
=ad <V .
Suppose now that b’ < a’. Then b < < a’ < a, in contradiction to a < b.
Therefore,

b Za .
Thus, ' < V. O
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Preordering

Lemma 6. The preorders on A are characterized by those y € {0,1}°4 that
satisfy

Vac Avbe A\ {a} Ve € A\ {a,b}:  yab +ype — 1 <yae  (22)

Definition 7. An instance of the minimum cost preordering problem is a pair
(A, c) with A a finite set and ¢ € R4, Its feasible set is

Yai={y € {0,1}% | (22)} . (23)
Its solutions are those y* € Y4 with
(¢,y”) =min{(c,y) [y € Ya} . (24)

An instance of the preordering problem is a triple (A, ¢, k) with A a finite set,
c € R%4 and k € R. Its solution set is

POP(A,c,k) ={y € Ya | {c,y) <k} . (25)
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Preordering

Example 2. In the instance of the minimum cost preordering problem depicted
below, edges indicate costs assigned to ordered pairs. Edges now shown indicate
zero cost.
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